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Abstract

Static optimizationof networks by pricing hasattractedsignificantattentionover the last decade.Thesestudies
assumedtoncae utility functionsfor usersand derived optimal pricing stratgjiesfor the network provider. In this
paper we considereffect of users elasticityto price andbandwidthon optimality of pricing. We first derive optimal
pricingstrategy for thecaseof logarithmicuserutilities. Then,we investigatawo typesof elasticityfor users:Demand-
price elasticityandutility-bandwidthelasticity By incorporatingthesetwo elasticities we developa non-logarithmic
utility function for users. Finally, we derive an optimal pricing stratey for the non-logarithmicuser utilities and

illustratethat pricing stratgyy shouldbe moreconsenrative whenthe elasticitiesncrease.
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I. INTRODUCTION

Recently optimizationof networksby pricing hasbeenresearcheedxtensvely [1], [2], [3], [4]. In [1], Kelly laid out
overall optimizationproblemfor anetwork, thatis maximizingtotal userutility. He splittedtheoverall systenproblem
into sub-problem®f surplusmaximizationfor the userandrevenuemaximizationfor the provider. He shaved that
network servicepricescanbe usedasLagrangemultipliers betweenthe users andthe provider’s problems.Thenin
[2], Kelly etal. providedcentralizedanddecentralizegbricing algorithmsthatwill corvergethesystento theoptimal,

i.e. maximizationof userutilities. Kelly andhis co-workers, in their analysis,usedlogarithmic utility functionsfor
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users.They provedthatoptimalrateallocationwill be weightedproportionalfair whenusershave utility function of
formu(z) = wlog(z), wherew is weightandz is sendingrateof theuser

Laterin [3], Low etal. generalizedhe conceptdo userswith concae utility functionsnot necessariljyogarithmic.
They provided a family of distributed pricing algorithmsthat optimizesthe network with usershaving logarithmicor
non-logarithmicconcae utilities.

Oneinterestingssuethathasnotbeeninvestigateds theeffect of users elasticityon pricing stratgies. In this paper
we investigatethis particularissueby providing analyticalarguments. We definetwo typesof elasticity for users:
Utility-bandwidth elasticityanddemand-pricelasticity Thelatteroneis thewell-known elasticityin economicsi.e.
users’demandelasticityto price. The formeroneis a new type of elasticitywe definefor users,i.e. users utility
elasticityto bandwidth.We formulatethesetwo elasticitiesanddemonstratanalyticalassociatiorbetweerthem. We
illustratethatpricing stratgyy mustbe moreconserative in network resourcegparticularlycapacity)whenary of the
two userelasticitiesncrease.

The paperis organizedas follows: Firstin Sectionll, we definethe optimizationproblemof total user utility
maximizationandsplit it into two sub-problemsy following Kelly’s [1] ideas.Next in Sectionlll, we solve the sub-
problemdor thecaseof logarithmicuserutility functions,andderive optimalprices.Thenwe defineutility-bandwidth
elasticityandits relationshipto demand-pricelasticityin SectionlV. In SectionV, basednthe elasticitydefinitions
in SectionlV, we definea generalnon-logarithmicutility function which includesthe elasticitiesas parameters\We
re-sole the optimizationproblembasedon this new utility function,andderive the optimal pricesagain. Finally, we

summarizehework in SectionVI.

Il. PROBLEM FORMULATION

We now formulatethe problemof total userutility maximizatiorfor a multi-usermulti-bottlenecknetwork.

LetF' = {1, ..., F'} bethesetof flowsandL = {1, ..., L} bethesetof links in thenetwork. Also, let L( f) betheset
of links theflow f passeshroughandF(I) bethesetof flows passinghroughthelink [. Let ¢; bethe capacityof link
l. Let X bethevectorof flow ratesand )\ ; betherateof flow f. We canformulatethetotal userutility maximization
problemasfollows:

SYSTEM :

max 3, Ur(Ay)
i)
subjectto

oA <@, I=1,..,L (1)
FEF()



This problemcanbedividedinto two separat@roblemsby emplo/ing monetaryexchangebetweeruserflows andthe
network provider. Following Kelly’s[1] methodologywe split the systemprobleminto two:

Thefirst problemis solved atthe userside. Givenaccumulatiorof link pricesontheflow f’sroute,p/, whatis the
optimalsendingratein orderto maximizesurplus

FLOW;(p') :

Iriz;x{Uf Af) — Z pl)\f}

leL(f)
over

Ap >0 2)

The secondoroblemis solved at the provider's side. Given sendingrateof userflows (which aredependenon the
link prices),whatis the optimalpriceto adwertisein orderto maximizeevenue

NETWORK (\(p!)) :

maxz Z pl)\f

f leL(f

subjectto

Z A <o¢q, I=1,..,L
fEF(I)
over

p>0 3

Let thetotal price paidby flow f bep/ = 3¢ 1 ;) pi- Then,solutionto FLOW,(p/) will be:
Ur(Ap) =

Ar(p!) = U () 4)
Whenit comesto the NETW ORK (A\(pf)) problem,thesolutionwill be dependenbn userflows utility functions
sincetheirsendingateis basedntheir utility functionsasshavn in thesolutionof FLOW ¢ (p!). So,in thefollowing

sectionswe will solve the NETWORK (\(pf)) problemfor the casesof logarithmic and non-logarithmicutility

functions.



I11. OPTIMAL PRICES. LOGARITHMIC UTILITY FUNCTIONS

We modelcustomet’s utility with thewell-known function' [2], [4], [6], [3]
ui(z) = wilog(z) 5)

wherez is the allocatedbandwidthto the customerandw; is customer’s budget(or bandwidthsensitvity).

Now, we setup a vectorizednotation, then solve the revenuemaximizationproblem NETW ORK (A(pf)) de-
scribedin the previous section. Assumethe network includesn flows andm links. Let A berow vectorof the flow
rates(\y for f € F), P be columnvectorof the price at eachlink (p, for I € L). Definethen x n matrix P* in
whichthediagonakelementP’;; is theaggrejatepricebeingadiertisedto flow j (iLe.p’ = 2ieL ) p;) andall theother
elementsare0. Also, let A bethen x m routingmatrixin which theelement4;; is 1 if ith flow is passinghoughjth
link andthe elementA;; is 0, if not, C' bethe columnvectorof link capacitiegc; for [ € L). Finally, definethen x n
matrix A in which the diagonalelement); is therateof flow j (i.e. A;; = A;) andall the otherelementsare0.

Giventhe aborve notation,relationshipbetweerthelink pricevector P andthe flow aggrgateprice matrix P* can
bewritten as:

AP = P*e (6)

wheree is the columnunit vector
We usethe utility function of (5) in our analysis. By plugging (5) in (4) we obtain flow’s demandfunction in
vectorizednotation:

MNP*) =wp*! (7)
whereW is row vectorof theweightsw; in flow’s utility function(5). Similarly, we canwrite deriative of (7) as:
N(P) = -W(P)~! 8)
Also, we canwrite the utility function (5) andits derivative in vectorizednotationasfollows:

U(X\) = Wlog(\) 9)

U'(\) =wi™! (10)
Therevenuemaximizationof (3) canbere-writtenasfollows:

max R = M\AP
P

'Wangand Schulzrinneintroduceda more complex versionin [5]. But the solutionswe provide will be mainly similar eventhoughwe are

usingasimplerversionof thefunction.



subjectto

2 < C7. (11)

So,we write the Lagrangiarasfollows:

L=XAP + (CT - XA)y (12)

where~y is columnvectorof the Lagrangemultipliersfor thelink capacityconstrain.

By plugging(7) and(8) in appropriatelacesthe optimality conditionsfor (12) canbewritten as:

L,:CT—-WP'4=0 (13)
Lp-: =W(P**)'P*e + WP* e — W (P**) 1Ay =0 (14)
By solving(14) for P*, we obtain:
P*— (15)
Now, solve (13) for P*:
P* = A(CT)"'w (16)

Apparently the optimizationproblemhastwo solutionsasshavn in (15) and(16). Since(15) violatesthe condition
P > 0, we accepthesolutionin (16).

Wefinally derive P by using(6):

AP = P*e=A(CT)"'We (17)

P=(CH)'we (18)
SinceP* = (P*)T, we canderive anothersolution:

AP = Pre=WTCc 14T (19)

P=A"'wTc—14%e (20)

Noticethattheresultin (18) holdsfor asingle-bottlenecki.e. single-link) network. In non-vectorizednotation,this

resultstranslateso:
_ ZfeF wy
C

Theresultin (20) holdsfor a multi-bottlenecknetwork. Thisresultmeanghateachlink’s optimalpriceis dependent
on the routesof eachflow passingthroughthatlink. More specifically the optimal price for link [ is accumulation

of budgetsof flows passinghroughlink [ (i.e. W7 A” in the formula) divided by total capacityof the links thatare



traversedby the flows traversingthelink I (i.e. A~'C~! in theformula). In non-\ectorizednotation,price of link I
canbewritten as:
_ EfEF(l) wy

2 rer () Loker(f) Ck

b

IV. ELASTICITY

Thetermelasticwasfirst introducedto the networking researcltommunityby Shenler [7]. Shenler calledappli-
cationsthat adjusttheir sendingratesaccordingto the available bandwidthas “elastic applications”,andthe traffic
generatedy suchapplicationsas“elastic traffic”. An exampleof suchtraffic is the well-known TCP traffic, which
is adjustedaccordingo the congestionndicationsrepresentinglecreasen the availablebandwidth.Shenler, further,
calledapplicationghatdo not changeheir sendingratesaccordingto the available bandwidthas“inelastic”. So,this
interpretatiorof elasticityis the sameasadaptiveness.e. anapplicationis elasticif it adaptdts rateaccordingto the
network conditions,it is inelasticif it doesnot.

The conceptof elasticity originatesfrom the theory of economics. In economicsdemand-priceelasticity (i.e.
demancklasticityaccordingto price)is definedaspercentchang in demandn responséo a percentchange in price
[8]. In otherwords,demandelasticityis the responsienessof the demando price changes.A formal definition of
demancelasticitycanbewritten as[8]:

. BX(@)/X(p) 21)

Aplp

wherep is price, Ap is the changen the price, X (p) is users demandunction,and A X (p) is the changein users

demand(21) canbere-writtenas:
__p dX(p)
X(p) dp

Givene, elasticitycharacteristid.. of userdemands madeaccordingto the following functionaldefinition[8]:

(22)

elastic |e] >1
L. = { unitelastic |e] =1

inelastic  |e] <1

So, Shenler’s interpretationof elasticityfor userutility is actuallydifferentfrom the real meaningof elasticityin
economicsNotethat Shenler definedelasticityof userutility accordingio bandwidth(whatwe call utility-bandwidth
elasticity), let'scall it e. Letu(z) beusers utility if heis givenz amountof bandwidth.Then,following theargument
in (22), we canwrite € as:

z du(z)

€E = ———

u(z) dz

2Notethatdemanctlasticitycanalsobe definedaccordingto severalthingsotherthanprice (e.g.time of service delayof service).

(23)
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Fig.1. Utility-bandwidthelasticitye anddemand-pricelasticitye with respecto eachother

Accordingto Shenler’s interpretationthe functionaldefinitionfor L. (i.e. elasticitycharacteristiof users utility

accordingio bandwidth)will beasfollows:

inelastic e¢=20
L= elastic ¢ # 0 & userutility is concae

notdefined, e # 0 & userutility is corvex

Obviously, L. is a lot differentthan L.. Basically L. interpretselasticity asresponsivenesshile L. doesit as
adaptiveness

We canconstructherelationshipbetweenre ande, giventhatthe usersolvesthewell-knovn maximizationproblem:

max {u(z) — zp}

Thesolutionto theabove problemis w'(z) = p. So,givena pricep, theuserselectshis demandsuchthathis maginal
utility equalsto p. Basedon thatrelationshipbetweerthe utility functionu(z) andthe demandfunction X (p), we
canconstructthe relationshipbetweerthe demand-pricelasticitye andthe utility-bandwidthe elasticity In the next

sub-sectionsve will formulatetherelationshipbetweerntheseelasticities.

A. Utility-BandwidthElasticity e

Let X (p) = Ap® wheree # 0 ande # —1. Then,



So,

1
e:g—i-l, eF0&e# -1

Figurel-aplotse with respecto ¢.

B. Demand-PriceElasticitye

Letu(z) = Bz® wheree # 1. Then,

So,

Figurel-b plotse with respecto e.

V. OPTIMAL PRICES: NON-LOGARITHMIC UTILITY FUNCTIONS

In Sectionlll, we derived optimal pricesfor the revenuemaximizationproblem NETW ORK (A(p/)). In that
derivation usersdemand-priceelasticity e was-1 (see(7)), which meansusershad unit elasticdemands.Now, we
re-performthe dervation by assuminghat usershave a utility-bandwidth elasticity of ¢, whereusers’demand-price
elasticityis e = 1/(e — 1) basedon the studyin the previous section.Also, notethat0 < ¢ < 1 mustbe satisfiedin
orderto male sure concavityof the utility function

First,let B berow vectorof theweightsthataredifferentfor eachflow’s utility function,andB bean(n x n) matrix
in which the elementB;; is theweightof flow j andall the otherelementsarezero.

We usea genericutility function. Thefunctionandits derivative is asfollows:

U(\) = B¢ (24)

U'(\) = Bed“™! (25)

Accordingto therelationshipbetweere ande describedn SectionlV-A, we canwrite thedemandunctionandits
derivative asfollows:

MP*) = e e’ B~Ep*© (26)
Similarly, we canwrite derivative of (26) as:

X(P*) = el B<pe! (27)



For the revenuemaximizationproblem,we againsolve the Lagrangiann (12) but for the new demandunction of

(26). By plugging(26) and(27) in appropriateglacesthe optimality conditionsfor (12) canbewritten as:

Ly:CT —ee'B~*P*A=0 (28)
Lp- : e e’ BT P** " (P*e — Ay) + ¢ fe’ B~ P* e =0 (29)
By solving (29) for P*, we obtain:
e’ B76P** H(P*e — Ay) + €' B~ P* e = 0 (30)
1
P* = —Aye! (31)
€

Now, apply(31)into (28) andsolwve for :
N 1 €
CT =e<el'B (—A’ye_l) A (32)
€
lA,Ye—l — EA_I/E(CT)I/E(GT)_I/EB (33)
€

Substitutg33) into (31) andwe obtain P*:

P = eA= V(T e(eT) e B (34)
From (34) we obtainP:

AP = P*e = eA"Y5(CT) /5 (eT) 715 Be (35)

P cA-lall/el ((CT)\1/5|)_1 (€")1/<l Be (36)

P — eA-lall/el ((CT)\1/5|)‘1 (7)1 (B /el 37)

Theresultin (36) impliesthe samething asin the caseof logarithmicutility functionsexceptthatthelink capacities
must be taken more conseratively dependingon the elasticity (e or € by choice)of flows. Obsere that as flows
demand-priceelasticitye getshigher the capacitymustbetaken moreconseratively basedn theformula(CT)|1/5|.
Also obsere thatasflows utility-bandwidthelasticitye getshigher the capacitymustbe taken more conseratively
basedontheformula (CT) /¢l = (CT)le—1l,

Basedon (37) we canwrite the optimalpriceformulasfor single-bottleneclandmulti-bottleneckcasesespectiely

5 ! 1/¢]
N At

I1/¢]
e | I wf
2L rer() 2keL(f) k

asfollows in non-wectorizedform:




VI. SUMMARY

In this paperwetriedto answetthequestiorof how shouldusers elasticityto priceandbandwidtheffectthepricing
stratgy. We first formulatethe optimizationproblemof total userutility maximization. Basedon logarithmicuser
utility functions,we derivedoptimalprices.

Then, we revisedthe term elasticity in the areaof networking, and definedutility-bandwidth elasticity We also
determinedrelationshipbetweenutility-bandwidth elasticity and the well-knovn demand-priceelasticity Basedon
this investigationof elasticity we thendefineda non-logarithmidorm of utility functionswhichincludeelasticityasa
parameterConsideringhenewly definednon-logarithmicandconcae utility functions,were-sohedtheoptimization
problemof total userutility maximization.

We illustratedthat elasticityshouldtake a majorrole in pricing, sincethe derived optimal price includedelasticity
aspower of available capacity This meansthat pricing strately shouldbe more conserative in usingthe available

capacitywhenusers elasticityincreases.
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