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Abstract

Staticoptimizationof networks by pricing hasattractedsignificantattentionover the last decade.Thesestudies

assumedconcave utility functionsfor usersandderived optimal pricing strategiesfor the network provider. In this

paper, we considereffect of user’s elasticityto priceandbandwidthon optimality of pricing. We first derive optimal

pricingstrategy for thecaseof logarithmicuserutilities. Then,weinvestigatetwo typesof elasticityfor users:Demand-

priceelasticityandutility-bandwidthelasticity. By incorporatingthesetwo elasticities,we developa non-logarithmic

utility function for users. Finally, we derive an optimal pricing strategy for the non-logarithmicuserutilities and

illustratethatpricingstrategy shouldbemoreconservativewhentheelasticitiesincrease.

Index Terms

StaticOptimization,Network Pricing,CongestionPricing,Elasticity

I . INTRODUCTION

Recently, optimizationof networksby pricinghasbeenresearchedextensively [1], [2], [3], [4]. In [1], Kelly laid out

overalloptimizationproblemfor anetwork, thatis maximizingtotaluserutility. Hesplittedtheoverallsystemproblem

into sub-problemsof surplusmaximizationfor the userandrevenuemaximizationfor theprovider. He showed that

network servicepricescanbeusedasLagrangemultipliersbetweentheuser’s andtheprovider’s problems.Thenin

[2], Kelly etal. providedcentralizedanddecentralizedpricingalgorithmsthatwill convergethesystemto theoptimal,

i.e. maximizationof userutilities. Kelly andhis co-workers, in their analysis,usedlogarithmicutility functionsfor
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users.They proved thatoptimal rateallocationwill beweightedproportionalfair whenusershave utility functionof

form �������
	���
���������� , where� is weightand � is sendingrateof theuser.

Laterin [3], Low et al. generalizedtheconceptsto userswith concave utility functionsnotnecessarilylogarithmic.

They provideda family of distributedpricing algorithmsthatoptimizesthenetwork with usershaving logarithmicor

non-logarithmicconcave utilities.

Oneinterestingissuethathasnotbeeninvestigatedis theeffectof user’selasticityonpricingstrategies.In thispaper,

we investigatethis particularissueby providing analyticalarguments. We definetwo typesof elasticity for users:

Utility-bandwidthelasticityanddemand-priceelasticity. Thelatteroneis thewell-known elasticityin economics,i.e.

users’demandelasticity to price. The former oneis a new type of elasticitywe definefor users,i.e. user’s utility

elasticityto bandwidth.We formulatethesetwo elasticitiesanddemonstrateanalyticalassociationbetweenthem.We

illustratethatpricing strategy mustbemoreconservative in network resources(particularlycapacity)whenany of the

two userelasticitiesincrease.

The paperis organizedas follows: First in SectionII, we definethe optimizationproblemof total userutility

maximizationandsplit it into two sub-problemsby following Kelly’s [1] ideas.Next in SectionIII, we solve thesub-

problemsfor thecaseof logarithmicuserutility functions,andderiveoptimalprices.Thenwedefineutility-bandwidth

elasticityandits relationshipto demand-priceelasticityin SectionIV. In SectionV, basedon theelasticitydefinitions

in SectionIV, we definea generalnon-logarithmicutility functionwhich includestheelasticitiesasparameters.We

re-solve theoptimizationproblembasedon this new utility function,andderive theoptimalpricesagain.Finally, we

summarizethework in SectionVI.

I I . PROBLEM FORMULATION

Wenow formulatetheproblemof total userutility maximizationfor amulti-usermulti-bottlenecknetwork.

Let ��	���������������� � bethesetof flowsand !"	���������������!#� bethesetof links in thenetwork. Also, let !$�&%'� betheset

of links theflow % passesthroughand �(�)
*� bethesetof flowspassingthroughthelink 
 . Let +-, bethecapacityof link
 . Let . bethevectorof flow ratesand .0/ betherateof flow % . We canformulatethetotal userutility maximization

problemasfollows:132 154�687 9
:<;>=?A@ / B /C�*.0/��

subjectto@/>D�E�FG,GH .0/AI +-,&� 
J	�������������! (1)



Thisproblemcanbedividedinto two separateproblemsby employing monetaryexchangebetweenuserflowsandthe

network provider. Following Kelly’s [1] methodologywe split thesystemprobleminto two:

Thefirst problemis solvedat theuserside.Givenaccumulationof link priceson theflow % ’s route,K / , whatis the

optimalsendingratein orderto maximizesurplus.�L!NMLOP/Q�RK / � 9
:<;>=?TS UV W B /C�*.0/X�ZY @,�D�[CF�/\H K0,].0/_^ `a

over.0/cbed (2)

Thesecondproblemis solvedat theprovider’s side. Givensendingrateof userflows (which aredependenton the

link prices),whatis theoptimalpriceto advertisein orderto maximizerevenue.f 6g4 O�Mihgjk�*.J�RK / �l� 9
:<;>=m @ / @,�D>[nFo/TH K�,p.n/

subjectto@/>D�E�FG,GH .0/AI +-,&� 
J	�������������!
overKqbed (3)

Let thetotalpricepaidby flow % be K / 	sr ,�D�[CF�/\H K0, . Then,solutionto �i!tMLOu/Q�RK / � will be:B$v/ �*.0/��3	wK /.n/Q�RK / �
	 B vGx�y/ �RK / � (4)

Whenit comesto the
f 6g4 OzMghgjk�*.5�RK / �l� problem,thesolutionwill bedependentonuserflowsutility functions

sincetheirsendingrateis basedontheirutility functionsasshown in thesolutionof �i!tMLOu/Q�RK / � . So,in thefollowing

sectionswe will solve the
f 6g4 OzMihgj"�*.5�RK / �l� problemfor the casesof logarithmic and non-logarithmicutility

functions.



I I I . OPTIMAL PRICES: LOGARITHMIC UTILITY FUNCTIONS

Wemodelcustomer{ ’s utility with thewell-known function1 [2], [4], [6], [3]

�n|l���_�
	��#|)
)�������_� (5)

where� is theallocatedbandwidthto thecustomerand �#| is customer{ ’s budget(or bandwidthsensitivity).

Now, we set up a vectorizednotation,then solve the revenuemaximizationproblem
f 6g4 OzMghgjk�*.5�RK / �l� de-

scribedin theprevious section.Assumethenetwork includes} flows and ~ links. Let . be row vectorof theflow

rates( .0/ for %���� ), � be columnvectorof the price at eachlink (K�, for 
L��! ). Definethe }e�P} matrix �L� in

whichthediagonalelement�L���� is theaggregatepricebeingadvertisedto flow � (i.e. K � 	 r ,�D>[nF � H K�, ) andall theother

elementsare0. Also, let � bethe }u��~ routingmatrix in which theelement�$| � is 1 if { th flow is passingthough� th
link andtheelement� | � is 0, if not, � bethecolumnvectorof link capacities( +-, for 
Z��! ). Finally, definethe }P��}
matrix �. in which thediagonalelement�. ��� is therateof flow � (i.e. �. ��� 	s. � ) andall theotherelementsare0.

Giventheabove notation,relationshipbetweenthe link pricevector � andtheflow aggregatepricematrix � � can

bewritten as: ����	�� ��� (6).�	����. � ����	 � ���.
where � is thecolumnunit vector.

We usethe utility function of (5) in our analysis. By plugging (5) in (4) we obtain flow’s demandfunction in

vectorizednotation: .J�)� � ��	sO�� � x�y (7)

where O is row vectorof theweights�#| in flow’sutility function(5). Similarly, we canwrite derivative of (7) as:

. v �)� � �3	zY$O��)� ��� � x�y (8)

Also, we canwrite theutility function(5) andits derivative in vectorizednotationasfollows:B �*.0�3	sO�
)����� �._� (9)B$v �*.0�
	�O �. x�y (10)

Therevenuemaximizationof (3) canbere-writtenasfollows::<;>=� hs	s.C����
WangandSchulzrinneintroduceda morecomplex versionin [5]. But thesolutionswe provide will bemainly similar even thoughwe are

usingasimplerversionof thefunction.



subjectto .C� I � � � (11)

So,we write theLagrangianasfollows: !�	s.n�������*� � Y�.C�g��� (12)

where� is columnvectorof theLagrangemultipliersfor thelink capacityconstrain.

By plugging(7) and(8) in appropriateplaces,theoptimalityconditionsfor (12)canbewrittenas:

!3  9 �¡�¢YwO�� � x�y ��	�d (13)

! �J£ 9 Y�O¤�)� � � � x�y � � � �eO�� � x�y � YwO��)� � � � x�y ����	�d (14)

By solving(14) for � � , we obtain:

� � 	�d (15)

Now, solve (13) for �8� :
� � 	�� �*� � � x�y O (16)

Apparently, theoptimizationproblemhastwo solutionsasshown in (15)and(16). Since(15)violatesthecondition�¦¥§d , we acceptthesolutionin (16).

Wefinally derive � by using(6):

����	�� � � 	�� �*����� x�y O � (17)��	��*� � � x�y O � (18)

Since�L�#	��)�8�\� � , we canderive anothersolution:

����	�� �-� 	sO � � x�y � � � (19)��	�� x�y Os�5� x�y �¨� � (20)

Noticethattheresultin (18)holdsfor asingle-bottleneck(i.e. single-link)network. In non-vectorizednotation,this

resultstranslatesto: K�	 r />D>E ��/+
Theresultin (20)holdsfor amulti-bottlenecknetwork. Thisresultmeansthateachlink’soptimalpriceis dependent

on the routesof eachflow passingthroughthat link. More specifically, the optimal price for link 
 is accumulation

of budgetsof flows passingthroughlink 
 (i.e. O � � � in the formula)dividedby total capacityof the links thatare



traversedby theflows traversingthe link 
 (i.e. � x�y � x�y in the formula). In non-vectorizednotation,price of link 

canbewritten as: K0,0	 r />D>E�Fo,RH ��/r />D�E�FG,RH rP© D>[nFo/TH + ©

IV. ELASTICITY

Thetermelasticwasfirst introducedto thenetworking researchcommunityby Shenker [7]. Shenker calledappli-

cationsthat adjusttheir sendingratesaccordingto the availablebandwidthas“elastic applications”,andthe traffic

generatedby suchapplicationsas“elastic traffic”. An exampleof suchtraffic is the well-known TCP traffic, which

is adjustedaccordingto thecongestionindicationsrepresentingdecreasein theavailablebandwidth.Shenker, further,

calledapplicationsthatdo not changetheir sendingratesaccordingto theavailablebandwidthas“inelastic”. So,this

interpretationof elasticityis thesameasadaptiveness, i.e. anapplicationis elasticif it adaptsits rateaccordingto the

network conditions,it is inelasticif it doesnot.

The conceptof elasticity originatesfrom the theory of economics. In economics,demand-priceelasticity2 (i.e.

demandelasticityaccordingto price)is definedaspercentchange in demandin responseto a percentchange in price

[8]. In otherwords,demandelasticityis the responsivenessof thedemandto price changes.A formal definition of

demandelasticitycanbewrittenas[8]: ª 	¬«®­ �RK_�l¯ ­ �RK_�« K�¯°K (21)

whereK is price, « K is thechangein theprice, ­ �RK_� is user’s demandfunction,and «�­ �RK_� is thechangein user’s

demand.(21)canbere-writtenas: ª 	 K­ �RK_�_± ­ �RK_�± K (22)

Given

ª
, elasticitycharacteristic!
² of userdemandis madeaccordingto thefollowing functionaldefinition[8]:

! ² 	
U³³³³³V ³³³³³W elastic, ´ ª ´µ¥s�

unit elastic, ´ ª ´X	z�
inelastic, ´ ª ´µ¶s�

So,Shenker’s interpretationof elasticityfor userutility is actuallydifferentfrom the realmeaningof elasticityin

economics.NotethatShenker definedelasticityof userutility accordingto bandwidth(whatwecall utility-bandwidth

elasticity), let’s call it · . Let ������� beuser’s utility if heis given � amountof bandwidth.Then,following theargument

in (22),we canwrite · as: ·N	 ���������± �������± � (23)¸
Notethatdemandelasticitycanalsobedefinedaccordingto severalthingsotherthanprice(e.g.time of service,delayof service).
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Utility-Bandwidth Elasticity

(a)Utility-bandwidthelasticity » . (b) Demand-priceelasticity ¼ .
Fig. 1. Utility-bandwidthelasticity ½ anddemand-priceelasticity ¾ with respectto eachother.

Accordingto Shenker’s interpretation,the functionaldefinition for !À¿ (i.e. elasticitycharacteristicof user’s utility

accordingto bandwidth)will beasfollows:

!�¿3	
U³³³³³V ³³³³³W inelastic, ·N	�d

elastic, ·LÁ	�d & userutility is concave

notdefined, ·LÁ	�d & userutility is convex

Obviously, ! ¿ is a lot different than !�² . Basically, !
² interpretselasticity as responsivenesswhile ! ¿ doesit as

adaptiveness.

Wecanconstructtherelationshipbetween· and

ª
, giventhattheusersolvesthewell-known maximizationproblem::<;>=Â �\�����_�3Yu�XK'�

Thesolutionto theabove problemis � v ���_�
	wK . So,givenaprice K , theuserselectshisdemandsuchthathismarginal

utility equalsto K . Basedon that relationshipbetweenthe utility function �Z���_� andthe demandfunction ­ �RK_� , we

canconstructtherelationshipbetweenthedemand-priceelasticity

ª
andtheutility-bandwidth · elasticity. In thenext

sub-sectionswe will formulatetherelationshipbetweentheseelasticities.

A. Utility-BandwidthElasticity ·
Let ­ �RK_�
	���K ² where

ª Á	�d and

ª Á	�Yi� . Then,

K�	�� v �����
	�� x�y�Ã ² � y�Ã ²
�����_��	�� x�y�Ã ²�Ä �ª ���-ÅÆ� y�Ã ²lÇ y



So, ·N	 �ª ����� ª Á	�dgÈ ª Á	zYi�
Figure1-aplots · with respectto

ª
.

B. Demand-PriceElasticity

ª
Let �Z���_�
	�ÉÊ� ¿ where·8Á	�� . Then, � v ���_��	wK�	��¡·l� ¿ x�y

­ �RK��
	 Ä K�¡· Å �Ë&Ì �
So, ª 	 �·�Ye� ��·LÁ	z�

Figure1-bplots

ª
with respectto · .

V. OPTIMAL PRICES: NON-LOGARITHMIC UTILITY FUNCTIONS

In SectionIII, we derived optimal pricesfor the revenuemaximizationproblem
f 6g4 O�Mihgjk�*.J�RK / �l� . In that

derivation usersdemand-priceelasticity

ª
was-1 (see(7)), which meansusershadunit elasticdemands.Now, we

re-performthederivation by assumingthatusershave a utility-bandwidthelasticityof · , whereusers’demand-price

elasticityis

ª 	Í�T¯µ�&·#Y��T� basedon thestudyin theprevioussection.Also, notethat d�¶�·8¶¦� mustbesatisfiedin

order to makesure concavityof theutility function.

First, let É berow vectorof theweightsthataredifferentfor eachflow’sutility function,and �É bean ��}<�i}5� matrix

in which theelement �É ��� is theweightof flow � andall theotherelementsarezero.

Weuseagenericutility function.Thefunctionandits derivative is asfollows:B �*.0��	�Éq�. ¿ (24)B�v �*.��
	�Éc·��. ¿ x�y (25)

Accordingto therelationshipbetween· and

ª
describedin SectionIV-A, we canwrite thedemandfunctionandits

derivative asfollows: .5�)� � �
	�· x ² � �P�É x ² � � ² (26)

Similarly, we canwrite derivative of (26)as:

. v �)� � �
	�· x ² ª � � �É x ² � � ² x�y (27)



For therevenuemaximizationproblem,we againsolve theLagrangianin (12) but for thenew demandfunctionof

(26). By plugging(26)and(27) in appropriateplaces,theoptimality conditionsfor (12)canbewrittenas:!
  9 � � YÎ· x ² � �P�É x ² � � ² �s	�d (28)

! � £ 9 · x ² ª � � �É x ² � � ² x�y �)� � � YP�¨�'�'�k· x ² � � �É x ² � � ² � 	�d (29)

By solving(29) for �L� , we obtain:ª � � �É x ² � � ² x�y �)� �-� YÎ�¨�'�'� � � �É x ² � � ² � 	�d (30)� � 	 �· ��� � x�y (31)

Now, apply(31) into (28)andsolve for � :� � 	�· x ² � � �É x ² Ä �· ��� � x�y Å ² � (32)�· ��� � x�y 	�·�� x�y�Ã ² �*� � � y�Ã ² � � � � x�y�Ã ² �É (33)

Substitute(33) into (31)andwe obtain � � :� � 	s·�� x�y�Ã ² �*� � � y�Ã ² � � � � x�y�Ã ² �É (34)

From(34)weobtain � : ����	�� � � 	�·�� x�y�Ã ² �*�¡��� y�Ã ² � � �Z� x�y�Ã ² �É � (35)��	�·°� x�y �ÊÏ y�Ã ² ÏXÐ��*� � ��Ï y�Ã ² Ï Ñ x�y � � � ��Ï y�Ã ² Ï �É � (36)��	�·�� x�y � Ï y�Ã ² ÏXÐ �*� � � Ï y�Ã ² Ï Ñ x�y � � � � Ï y�Ã ² ÏXÐ �É Ï ² Ï Ñ Ï y�Ã ² Ï � (37)

Theresultin (36) impliesthesamethingasin thecaseof logarithmicutility functionsexceptthatthelink capacities

must be taken more conservatively dependingon the elasticity ( · or

ª
by choice)of flows. Observe that as flows

demand-priceelasticity

ª
getshigher, thecapacitymustbetakenmoreconservatively basedon theformula �*� � � Ï y�Ã ² Ï .

Also observe thatasflows utility-bandwidthelasticity · getshigher, thecapacitymustbe taken moreconservatively

basedon theformula �*� � � Ï y�Ã ² Ï 	��*� � � Ï ¿ x�y Ï .
Basedon(37)wecanwrite theoptimalpriceformulasfor single-bottleneckandmulti-bottleneckcasesrespectively

asfollows in non-vectorizedform: K�	s·LÒÓ r />D�E � Ï ² Ï/+ ÔÕ Ï y�Ã ² Ï
K�,0	�· ÒÓ r />D�E�FG,RH � Ï ² Ï/r /�D>E�FG,GH r © D>[nFo/\H + © ÔÕ Ï y�Ã ² Ï



VI. SUMMARY

In thispaper, wetriedto answerthequestionof how shoulduser’selasticityto priceandbandwidtheffect thepricing

strategy. We first formulatethe optimizationproblemof total userutility maximization. Basedon logarithmicuser

utility functions,wederivedoptimalprices.

Then,we revisedthe term elasticity in the areaof networking, anddefinedutility-bandwidthelasticity. We also

determinedrelationshipbetweenutility-bandwidthelasticityandthe well-known demand-priceelasticity. Basedon

this investigationof elasticity, we thendefinedanon-logarithmicform of utility functionswhich includeelasticityasa

parameter. Consideringthenewly definednon-logarithmicandconcaveutility functions,were-solvedtheoptimization

problemof totaluserutility maximization.

We illustratedthatelasticityshouldtake a major role in pricing, sincethederivedoptimalprice includedelasticity

aspower of availablecapacity. This meansthat pricing strategy shouldbe moreconservative in usingthe available

capacitywhenuser’s elasticityincreases.
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