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Abstract— Congestion-sensitive pricing schemesfor wide
area networks have attracted significant attention over
the last decade. Several proposals have been made for
congestion-sensitive pricing of the Inter net. One key im-
plementation obstaclefor thesedynamic pricing schemesis
the necessityof fr equent price updates whereasthe struc-
tur eof wide areanetworks doesnot allow fr equentprice up-
datessinceround-trip-times are very large for somecases.
As the networks allow infr equentprice updates,more con-
tr ol is achieved by the pricing schemeswith more fr equent
price updates.Soan important issueto investigateis to find
a maximum value for the interval (i.e. pricing interval) over
which price updatesoccur, suchthat the level of congestion
control can remain in a desired range. This paper presents
our modelingand analysiswork for the length of pricing in-
tervals. To representthe level of control over congestion,
we usecorrelation betweenprices and congestionmeasures.
After developing an approximate model for the correlation,
we find and prove that the correlation degradesat most in-
versely proportional to an increasein the pricing interval.
We alsofind that the correlation degradeswith an increase
in meanor varianceof the incoming traffic.

Keywords— Network Pricing, Congestion-Sensitive Pric-
ing, CongestionControl, Quality-of-Service

I . INTRODUCTION

One proposedmethod for controlling congestionin
wide areanetworks is to apply congestion-sensitive pric-
ing [1], [2]. Many proposalshavebeenmadeto implement
dynamicpricing over wide areanetworks and the Inter-
net [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13],
[14]. Most of theseschemesaimedto employ congestion
pricing. The main ideaof congestion-sensitive pricing is
to updateprice of the network servicedynamicallyover
time suchthat it increasesduring congestionepochsand
causesusersto reducetheir demand.So, implementation
of congestion-sensitive pricing protocolsmakes it neces-
saryto changethepriceaftersometime interval, whatwe
call pricing interval.

Clark’s ExpectedCapacityContracting[3] schemepro-
poseslong-termcontractsasthepricing intervals. Kelly’s
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packet marking scheme[5] proposesshadow prices to
be fed back from network routerswhich has to happen
over sometime interval. MacKie-Masonand Varian’s
SmartMarket scheme[6] proposesprice updatesat inte-
rior routerswhich cannothappencontinuouslyand have
to happenover sometime interval. Odlyzko’s ParisMetro
Pricingscheme[8] proposesfixedpricesfor differentsub-
classesof network service,but congestion-sensitivity of
the pricescan only be achieved by updatingthem over
sometime interval. Wang and Schulzrinne’s RNAP [9]
framework proposesto updatethe price at eachservice
level agreementwhich hasto happenover sometime in-
terval. Hence,congestion-sensitive pricing can only be
implementedby updatingpricesover sometime interval,
i.e. pricing interval.

It hasbeenrealizedthattherearenumerousimplementa-
tion problemsfor dynamicor congestion-sensitive pricing
schemes,which canbe tracedinto pricing intervals. We
canlist someof theimportantonesasfollows:� Users do not like price fluctuations: Currently, most
ISPsemploy flat-ratepricingwhichmakesindividualusers
happy. Naturally, mostusersdo not want to have a net-
work servicewith a pricechangingdynamically. In [15],
Edell and Varaiyaproved that there is a certain level of
desirefor quality-of-service. However, in [16] and [17],
Odlyzko provides evidencethat most userswant simple
pricingplansandthey easilygetirritatedby complex pric-
ing planswith frequentpricechanges.So, it is important
that price updatesshouldhappenas lessas possible. In
otherwords,userslike a servicewith larger pricing inter-
vals.� Control of congestiondegradeswith larger pricing in-
tervals: Congestionlevel of thenetwork changesdynami-
cally over time. So,themorefrequentthepriceis updated,
the better the congestioncontrol. From the provider’s
side,it is easierto achieve bettercongestioncontrolwith
smallerpricing intervals.� Users wantprior pricing: It is alsodesiredby theusers
that price of the servicemust be communicatedto them
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Fig. 1. A samplecustomer-providernetwork.

beforeit is charged. This makes it necessaryto inform
theusersof thenetwork servicebeforeapplyingany price
update.So,theproviderhasto handletheoverheadof that
pricecommunication.The importantthing is to keepthis
overheadaslessaspossible,whichcanbedonewith larger
pricing intervals.

Hence,lengthof pricing intervals is a key issuefor the
implementationof congestion-sensitive pricing protocols.
In thisparticularwork, wefocusonmodelingandanalysis
of pricing intervals to comeup with a maximumvaluefor
it suchthatthelevelof congestioncontrolremainsin anac-
ceptablerange.Beyond this range,pricing couldbe used
to regulatedemand,but it becomeslessusefulasatool for
congestionmanagement.Therestof thepaperis organized
asfollows: In SectionII, we first exploresteady-statedy-
namicsof congestion-sensitive pricingwith adetailedlook
at the behavior of pricesandcongestionrelative to each
other. We thendevelop anddiscussan approximateana-
lytical modelfor the correlationof pricesandcongestion
measuresin SectionIII. In SectionIV, we validatethe
modelby simulationexperimentsandpresentthe results.
Finally, in SectionV we discussthe implicationsof the
work andpossiblefuturework.

I I . DYNAMICS OF CONGESTION-SENSITIVE PRICING

This section explains the behavior of congestion-
sensitive pricesandcongestionmeasuresrelative to each
other in a steady-statesystem. A samplescenariois de-
scribedin Figure1. The provider employs a pricing in-
terval of

�
to implementcongestion-sensitive pricing for

its service. The customerusesthat serviceto sendtraf-
fic to thedestinationthroughtheprovider’s network. The
provider observes the congestionlevel, � , in the network
core and adjustsits advertisedprice, � , accordingto it.
Notethat � and� arein factfunctionsof time(i.e. �����	� and�
���	� where� is time),but weuse� and� throughoutthepa-
per for simplicity of notation. It is a realisticassumption
to saythattheprovider canobserve thenetwork coreover
small time intervals, i.e. a few round-trip-times(RTTs).
To understandeffect of pricing interval to the dynamics
of congestion-sensitive pricing,we look at therelationship

Fig. 2. Congestionmeasurerelative to congestion-sensitive
pricesin asteady-statenetwork beingpriced.

between� and� over time.
Assumingthat we have continuousknowledgeof con-

gestion level, � , we can representthe dynamics of
congestion-sensitive pricing asin Figure2. Figure2 rep-
resentsthe relationshipbetween� and � for two differ-
ent pricing interval lengths,

��������
. For both lengths,

thesteady-statebehavior of congestion-sensitive pricing is
represented.Theadvertisedprice, � , variesaroundanop-
timumprice, ��� .

When the provider seesthat the congestionlevel has
beendecreasing,it decreasestheadvertisedpricesuchthat
the network resourcesare not under-utilized. Then the
customerstartssendingmoretraffic in responseto thede-
creasein price,andcongestionlevel in thecorestartsin-
creasingaccordingly. The congestionlevel continuesto
increaseuntil theprice is increasedby theprovider at the
beginningof thenext pricing interval. Whentheprovider
increasespricebecauseof theincreasedcongestionin the
lastpricing interval, thecustomerstartssendinglesstraf-
fic thanbefore. Then congestionlevel startsdecreasing.
This behavior continueson in steady-state.This explains
how congestion-sensitive pricescan control the conges-
tion in a network. The importantdifferenceis thatwith a
largerpricing interval thecongestionlevel oscillateslarger
asrepresentedin Figure2.

Anotherimportantcharacteristicof congestion-sensitive
pricing is that thepricemustbeoscillatingaroundanop-
timum price, � � , to guaranteebothcongestioncontroland
high utilization of network resources.In otherwords,the
averageof advertisedpricesmustbeequalto theoptimum
pricevalue.Assumingthatthecustomerhasabudgetof �
for network serviceperunit timeandthenetwork hasaca-
pacityof ����� perunit time,wecanformulatetheoptimum
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Fig. 3. Pricesandcongestionmeasuresfor subsequentobserva-
tion intervals.

priceasfollows:

� ��� ������ (1)

Notice that the customerwill sendlesstraffic which will
under-utilize network resourceswhen �  � � , and the
customerwill sendexcessive traffic thanthenetwork can
handlewhich will causeuncontrolledcongestionwhen������� . So the provider needsto satisfy the condition
thattheaverageof advertisedpricesequalsto theoptimum
pricestatedin Equation1,whichrequiresaccuracy in bud-
getestimation.Inaccuracy in budgetestimationmayresult
in uncontrolledcongestionor very large transientphases
beforethecongestion-sensitive pricingalgorithmfindsthe
optimumpricevalue.

The important issueto realize is that congestioncon-
trol becomesbetterif thesimilarity betweentheadvertised
priceandcongestionlevel is higher. Becauseof theabove
explainedimplementationconstraints,theadvertisedprice
cannotbeupdatedcontinuously. This resultsin dissimilar-
ity betweenthe price andcongestionlevel. Intuitively, if
thecorrelationbetweentheadvertisedpricesandthecon-
gestionmeasuresis higher, fidelity of controloverconges-
tion becomeshigher. Again by intuition, the correlation
becomessmallerif thepricing interval is larger.

Anotherimportantissueis theprice oscillation caused
by the discontinuousprice updates.As the pricing inter-
valsgetlarger, theoscillationin pricealsogetslarger. This
in effect leadsto oscillation in userdemand(i.e. traffic)
correspondingly. So, larger oscillationsin price are ex-
pectedto causelarger oscillationandhigher variance in
incomingtraffic. Then,moreoscillatedtraffic causesmore
oscillatedcongestionlevel. Thisbehavior is representedin
Figure2 with thecasethat ��� �  ��� � and �!� �" �#� � .

In the next section, we will develop an approximate
model of correlationbetweenthe advertisedprices and
congestionmeasuresanalyticallyandfind thelargestvalue
for thepricing interval suchthat thesystemfunctionsin a
desiredrangeof service.

I I I . ANALYTICAL MODEL FOR CORRELATION OF

PRICES AND CONGESTION MEASURES

A. AssumptionsandModelDevelopment

Assumethe lengthof pricing interval staysfixed at
�

over $ intervals.Also assumetheprovidercanobserve the
congestionlevel at a smallertime scalewith fixed obser-
vation intervals, � . Assumethat

� �&% � holds,where %
is thenumberof observationstheprovider makesin a sin-
gle pricing interval. Assumethatthequeuebacklogin the
network coreis anexactmeasureof congestion.[18]

Weassumethatthecustomerhasafixedbudgetfor net-
work serviceandhe/shesendstraffic accordingto acount-
ing process,which is acontinuoustimestationarystochas-
tic process'(�*)+� ,)-,/. with first andsecondmomentsof0 �

and
0 �

respectively. In reality,
0 �

is not fixed,because
thecustomerrespondsto pricechangesby changingits

0 �
.

However, sincewe assumesteady-stateandfixed budget
for thecustomer, it is reasonableto saythat thecustomer
will sendat a constantrateover a large numberof pric-
ing intervals. Let 13254 be the numberof packet arrivals
from the customerduring the 6 th observation interval of7
th pricing interval, where

7 �98�:;: $ and 6 �<8�:;:=% . So the
totalnumberof packetarrivalsduringthe

7
th pricing inter-

val is 132 � >?@BA � 132 @ (2)

Also assumethatthepacketsleaveafterthenetwork ser-
vice accordingto a countingprocess,which is a continu-
ous time stationarystochasticprocess�3�*)+� ,)C,D. with
first andsecondmomentsof E � and E � respectively. LetF 254 bethenumberof packet departuresduringthe 6 th ob-
servation interval of

7
th pricing interval, where

7 �G8�:;: $
and 6 �H8�:;:=% . So the total numberof packet departures
duringthe

7
th pricing interval isF 2 � >?@BA � F 2 @ (3)

Assumingthat no drop happensin the network core, the
first momentsof the two processesare equal in steady-
state,i.e.

0 � � E � , but thesecondmomentsarenot.
As representedin Figure3, let �+2 betheadvertisedprice

and � 254 is the congestionmeasure(queuebacklog)at the
endof the 6 th observationin the

7
th pricinginterval. In our

modelwe needa genericwayof representingtherelation-
shipbetweenpricesandcongestion.We assumedthat the
congestion-sensitive pricingalgorithmcalculatestheprice
for the

7
th pricing interval accordingto thefollowing for-

mula �I2 � �J�LK 2�M �ON > (4)
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where � , pricing factor, is a function of pricing inter-
val and observation interval definedby the congestion-
sensitive pricing algorithmitself. In our modeling,we as-
sumethat � is only effectedby the interval lengths,not
by the congestionmeasures.Notice that this assumption
doesnot rule out theeffect of congestionmeasureson the
price,ratherit splitstheeffectof congestionmeasuresand
interval lengthsto theprice.

Within thiscontext, thefollowing equationshold:

�P254 � �PQ >SR 2�M �?TUA � ��1 T�V F T � R 4?@OA � ��132 @WV F 2 @ � (5)

�P2 > � �XQ >WR 2?4 A � ��1Y4 V F 4L� (6)

where
7 , 8 . ReasoningbehindEquations5 and6 is that

thequeuebacklog(whichis thecongestionmeasure)atthe
endof aninterval is equalto thenumberof packet arrivals
minusthenumberof packetdeparturesduringthatinterval.

Let theaveragepricebe � andtheaveragequeueback-
log be � . By assumingthatthesystemis in steady-statewe
canconcludethatthefollowing equationis satisfied� � � � (7)

Sincethesystemis assumedto be in steady-state,we can
assumethe initial (right beforethe first pricing interval)
congestionmeasureequalsto theaveragequeuebacklog,
i.e. �XQ > � � (8)

We want to approximatethe model of correlationbe-
tween� and � accordingto theaboveassumptions.Wecan
write the formula for correlationbetween� and � over $
pricing intervalsas��Z %�%�[!� \ [^] �*� V ���X�_� V ���a` 1cb Fed\ [^] �*� V ��� � ` 1cb Fed \ [�] �_� V ��� � ` 1cb Fed (9)

assumingthat total of 1 packet arrivals and
F

packet de-
partureshappenduringthe $ rounds.

We cancalculatethe numeratorterm in Equation9 as
follows:

\ [^] �*� V �L�X�_� V ���a` 1cb Fed � 8% $ [? 2 A � >?4 A � �_�+2 V ���X�*�P2=4 V ��� (10)

By applyingEquations4, 7 and8 into Equation10wecan
get \ [ ] �*� V �a�X�_� V �^�a` 1cb Fed �8% $ [? 2 A � >?4 A � �*�e� K 2fM �ON > V �J�PQ > �X�*�P254 V �PQ > � (11)

Thenby applyingEquations5 and6 into Equation11,we
getthefollowing

\ [ ] �*� V �a�X�_� V ���a` 1cb Fed ��% $ [? 2 A � >?4 A � g �XQ >SR 2�M
�?h A � ��1 h V F h � V �XQ >Xijk 2�M �?TLA � ��1 T#V F T � R 4?@BA � ��132 @WV F 2 @ �Olm (12)

After going throughthe derivation, we canput Equation
12 into thefollowing form

\ [�] �*� V �a�X�_� V ���a` 1cb Fed � �% $ [? 2 A � >?4 A �jkon � R 2fM �?h A � ��1 h V F h � 4?@OA � ��1 2 @ V F 2 @ �Olm (13)

where

n � �qp T ��1 T V F T � � R p T psrUtA^Tvu ��1 T V F T �X��1 r VF r � , w �x8�:;: 7 V 8 and y �x8�:;: 7 V 8 .
We cancalculatethe varianceof congestionmeasures

similarly asfollows:

\ [�] �*� V ��� � ` 1cb Fed � 8% $ [?2 A � >?4 A � �*�P254 V �a� � (14)

By applyingEquations5 and8 into Equation14 we can
get

\ [�] �*� V ��� � ` 1cb Fed � 8% $ [?2 A � >?4 A �jk 2�M �?TLA � ��1 T�V F T � R 4?@OA � ��132 @vV F 2 @ �Olm
�

(15)

After going throughthe derivation, we canput Equation
15 into thefollowing form

\ [�] �*� V ��� � ` 1cb Fed � 8% $ [? 2 A � >?4 A �jkIn � R n � R u 2�M �?TUA � ��1 T V F T � 4?@BA � ��1 2 @ V F 2 @ �Olm (16)

where

n � � p @ ��132 @zV F 2 @ � � R p @ ps{ tA�@ou ��132 @|VF 2 @ �X��132 { V F 2 { � , } �x8�:;: 6 , ~ �x8�:;: 6 .
Wefinally cancalculatethevarianceof priceasfollows:

\ [^] �_� V ��� � ` 1cb Fed � 8% $ [? 2 A � >?4 A � �_�+2 V ��� � (17)
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By usingEquations4, 6 and7 into Equation17wecanget
thefollowing

\ [�] �_� V ��� � ` 1cb Fed � � �$ [? 2 A � jk 2�M
�?4 A � ��1Y4 V F 4U�Olm

�
(18)

Similarly aftergoingthroughderivation,wecanputEqua-
tion 18 into thefollowing form

\ [^] �_� V ��� � ` 1cb Fed � � �$ [? 2 A � n � (19)

Now we can relax the condition on 1 and
F

by
summing out probabilities on Equations 13, 16, and
19. Specifically, we need to apply the operation\ [�] � d �&ps���� �PA Q p ��� �X��� �;� �	�e�f�� � �PA Q \ [�] � ` 1cb Fed�� % Z�����'!���	� �13254��	�3���	� � F 254�� for all

7 ��8�:;: $ and 6 ��8�:;:=% . This op-
erationis non-trivial becauseof the dependency between
theprocesses'!�*)+� and �3�*)+� . Whenwe considerthesys-
tem asa queue,we know that only ���X��� 8 systemwill
havethepropertyof independentarrival anddeparturepro-
cesses[19]. Since it has beenproven that the Internet
traffic cannotbe Poissonmodeled[20], we canconclude
that thereshouldbe somedependency (i.e. correlation)
betweenthearrival anddepartureprocessesof a network.
However, theremight alsobe caseswherethecorrelation
is negligible. For example,if thedistancebetweenarrival
anddeparturepointsis more,thenthe lag betweenthear-
rival and departureprocessesalso becomesmore which
lowersthecorrelationbetweenthem. In any case,this is-
sueneedsseriousinvestigationwhich is out of scopeof
this paper. So, for simplicity, we assumeindependence
betweenthearrival anddepartureprocessesandderive an
approximatemodel. Accordingto theabove assumptions
we relax the condition on 1 and

F
, and then substituteE � � 0 � becauseof thesteady-statecondition,andgetthe

followings:

\ [ ] �*� V ���X�_� V ��� d � ��� %u ��$ V 8 �X� u � % 0 � � V 0 � V E � � (20)

\ [�] �*� V ��� � d � �u� � 0 � R E � �X� % $ R 8 � V u � 0 � � � 8 R % V % � R % � $����(21)

\ [^] �_� V ��� � d � � � � %u ��$ V 8 �X� u � % 0 � � V 0 � V E � � (22)

By substitutingEquations20, 22, and21 into 9 we get
thecorrelationmodelfor thefirst n roundsasfollows:��Z %�% [ � 8�e�

u� 0 � R E � �X� % $ R 8 � V u � 0 � � � 8 R % V % � R % � $��(23)

Assumingthat � �� is thevarianceof thearrival processand� �� is thevarianceof thedepartureprocess,we canfinally
rewrite 23 asfollows:��Z %�% [ � 8��� 8�X�U ¡ � �U ¢� R 0 � � �X� % $ R 8 � V � 0 � � � 8 R % V % � R % � $��(24)

In the next section,we discussthe implicationsof the
modelandits beneficialuse.

B. ModelDiscussion

Assumingthat the other factorsstaysfixed, the corre-
lation modeldevelopedin the previous section(Equation
24) impliesthreeimportantresults:

1. Thecorrelationdegradesat mostinverselyproportional
to an increasein pricing intervals(

�
): For thesmallest$

value(i.e. 1), denominatorof Equation24 will have % R 8
asa factorwhich implieslineardecreasein thecorrelation
valuewhile thepricinginterval,

� ��% � , increaseslinearly.
Noticethatits effectwill belesswhen $ is larger.

2. Increasein traffic variances( � �� and � �� ) degradesthe
correlation: From Equation24, we canobserve that the
correlationdecreaseswhen the varianceof the incoming
or outgoingtraffic increases.

3. Increasein traffic mean(
0 �

) degradesthecorrelation:
Again from Equation24, we canseethat the correlation
decreaseswhile themeanof theincomingtraffic increases.

Theseabove resultsimply that lower pricing intervals
mustbeemployedwhenvarianceand/ormeanof thetraf-
fic startsincreasing.Wevalidatethesethreeresultsin Sec-
tion IV by experiments.Notethat themodelrevealsnon-
intuitive effect of traffic meanon the correlation. Also,
observe that themodelincorporatesnot only theeffect of
pricing intervals on thecorrelation,but alsotheeffectsof
statisticalparameters(e.g.traffic meanandvariance).

As previously mentioned, the correlation between
pricesandcongestionmeasuresis a representationof the
achieved control over congestion. Congestion-sensitive
pricing protocolscan usesucha model to maintain the
control at a predefinedlevel by solving the inequality��Z %�% [ ,£��Z %�% � 2 [ for % , which definesthe lengthof the
pricing interval. If feedbackfrom theotherend(i.e. egress
nodein DiffServ[21] terminology)is provided,thensuch
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Fig. 4. Topologyof theexperimentalnetwork.

a modelcanbe implementedin real-time. � �� canbecal-
culatedby usingthefeedbacksfrom theotherend,and � ��
and

0 �
canbecalculatedby observingtheincomingtraffic.

IV. EXPERIMENTAL RESULTS AND MODEL

VALIDATION

A. ExperimentalConfiguration

We useDynamicCapacityContracting(DCC) [22] as
the congestion-sensitive pricing protocol in our simula-
tions. DCC providesa contractingframework over Diff-
Servarchitecture.The provider placesits stationsat the
edge routers of the DiffServ domain. The customers
cangetnetwork servicethroughthesestationsby making
short-termcontractswith them. Theprovider stationpro-
videsavarietyof short-termcontractsto thecustomerand
thecustomerselectsthecontractwhichmaximizeshis/her
utility. During the contracts,the stationreceivesconges-
tion information about the network core at a time-scale
smallerthan contracts. The stationusesthat congestion
information to updatethe serviceprice at the beginning
of eachcontract. Several price calculationscan be im-
plementedin that framework. In our simulationexperi-
ments,we usea simple price calculationformula which
is basedon estimatedcustomerbudgetandestimatednet-
work capacityasstatedin Equation1. Thebudgetestima-
tion is justaveragingof therevenuesperunit traffic volume
earnedin previous contracts.We make network capacity
estimationby usingthe received congestioninformation.
The estimatedcapacitylowers when congestionwas de-
tectedduring the last contract,andvice versa. The con-
tractsin DCC correspondsto the pricing intervals in our
modeling.

Figure4 representsthe topologyof network in our ex-
periments.Thereare5 customerstrying to sendtraffic to
the samedestinationover the samebottleneckwith a ca-
pacityof 1Mbps.Customershave equalbudgetsandtheir
totalbudgetis 150units.Weobserve thebottleneckqueue
lengthanduseit ascongestionmeasure.Theobservation
interval is fixed at � �¥¤ .�1¦} and RTT for a customer

Fig. 5. Meanqueuelength(in packets)asthe pricing interval
(in numberof observations)increases.

is u .�1¦} . We increasethe pricing interval by increment-
ing the numberof observations(i.e. % ) per contract. We
run several simulationsandcalculatecorrelationbetween
theadvertisedpricesduringthecontractsandtheobserved
bottleneckqueuelengthsduringthesimulations.

Customerssendtheir traffic with a fixed variancebut
changingmeanaccordingto the advertisedpricesfor the
contracts.We assumethat the customershave fixed bud-
getspercontractwith additionalleftover from theprevious
contract.Thecustomersadjusttheir sendingrateaccord-
ing to theratio �§�¨� where� is thecustomer’s budgetand� is theadvertisedpricefor thecontract.So,customersin-
creaseor decreasetheir sendingrateright beforethecon-
tract startsaccordingly. Notice that sincethe customers’
budget is fixed, the sendingrate of the customersis ac-
tually fixed on long run, which fits to the fixed average
incomingtraffic rate(

0 �
) assumptionin themodel.

B. Results

In this section,we presentseveralsimulationresultsfor
validationof themodelandthethreeresultsit implies.

Figures5 and6 show meanandvarianceof thebottle-
neckqueuelength.Wecanseesignificantincrease(atleast
linear)in meanandvarianceof thebottleneckqueueasthe
pricing interval increaseslinearly. Furthermore,Figure7
shows the changein the coefficient of variation for the
bottleneckqueuelengthasthe pricing interval increases.
Notethatanincreasein thecoefficient of variationmeans
a decreasein the level of control. We can observe that
the coefficient of variation increasesas the pricing inter-
val increasesuntil 8 . % , andstaysfixed thereafter. This
is becausethecongestion-sensitive pricingprotocollooses
control over congestionafter a certain length of pricing
interval, which is 8 . % in this particularexperiment.These
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Fig. 6. Varianceof queuelengthasthepricing interval (in num-
berof observations)increases.

Fig. 7. Coefficientof variation(©ª )of queuelengthasthepricing
interval (in numberof observations)increases.

resultsin Figures5 to 7 validateourclaimaboutthedegra-
dationof controlwhenpricing interval increases.Further-
more,they alsoshow that dynamicpricing doesnot help
congestioncontrolwhenthepricing interval is longerthan
acertainlength.

To validatethe model, we presentthe fit betweenour
correlationmodel and experimentalresultswe obtained
from abovementionedsimulationconfiguration.Figures8
and9 representthecorrelationsobtainedby insertingap-
propriateparametervaluesto the modelandcorrespond-
ing experimentalcorrelations,respectively for the cases$ �98�« and $ � u « . Notice that themodelis dependent
on theexperimentalresultsbecauseof theparametersfor
incomingandoutgoingtraffic variances(i.e. � �� and � �� ),
pricing factor (i.e. � ), andmeanof the incoming traffic
(i.e.

0 �
). Wefirst calculatetheparameters� �� , � �� , � (ratio

of averagepriceby averagebottleneckqueuelength)and0 �
from theexperimentalresults,andthenusethemin the

Fig. 8. Fitting analyticalmodelto experimentalresultsfor sim-
ulationtimeof 15 pricing intervals.

Fig. 9. Fitting analyticalmodelto experimentalresultsfor sim-
ulationtimeof 25 pricing intervals.

model.

Wenow validatethethreeresultsimplied in SectionIII-
B. Figures8 and 9 show that the correlationdecreases
slower than ¬�L® whenthepricing interval (i.e. ® ) increases
linearly. This validatesthe first result. Figure11 repre-
sentstheeffect of changein thevarianceof incomingand
outgoingtraffic (i.e. ¯�°± and ¯�°² ) on the correlation.The
horizontalaxisshows theincreasein variancesof boththe
incoming and outgoingtraffic. The resultsin Figure 11
for differentvaluesof ³ obviously show that an increase
in traffic variancescausesdecreasein thecorrelation.This
validatesthe secondresult. Finally for validation of the
third result, Figure 10 representsthe effect of changein
the meanof the incomingtraffic (i.e. ´�µ ) on the correla-
tion. Wecanseethatincreasein ´ µ causesdecreasein the
correlation.Anotherimportantrealizationis that thecor-
relation is moresensitive to variancechangesthanmean
changesasit canbeseenby comparingFigures10and11.
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Fig. 10. Effectof changein themeanof theincomingtraffic to
thecorrelationfor apricing interval of ¶L·�·�¸(¹ , i.e. º"»½¼¾· .

Beforeconcludingthis section,we would like to stress
on the relationshipbetweenthe correlationand the level
of congestioncontrol. As we previously stated,Figures
8 and9 show theeffect of increasingpricing intervals on
the correlationfor differentvaluesof $ . We canseethat
the correlationvalue staysalmostfixed after the pricing
interval reachesto 8 . % . Also, Figure 7 shows the coef-
ficient of variationfor the bottleneckqueuelengthin the
experiments. Rememberthat coefficient of variation for
thequeuelengthrepresentsthelevel of congestioncontrol
beingachieved. We observe in Figure7 that it reachesto
its maximumvalue(approximately1) whenthepricing in-
terval reachesto 8 . % , which is the samepoint wherethe
correlationstartsstayingfixed in Figures8 and9. So,by
comparingFigure7 with Figures8 and9, we canobserve
thatthecorrelationdecreaseswhenthelevel of congestion
controldecreases,andalsoit staysfixedwhenthelevel of
congestioncontrol staysfixed. This shows that the cor-
relationcanbe usedasa metric to representthe level of
congestioncontrol.

V. CONCLUSIONS AND DISCUSSIONS

We investigatedsteady-statedynamicsof congestion-
sensitive pricing in acustomer-provider network. With the
ideathat correlationbetweenpricesandcongestionmea-
suresis ameasurementfor level of congestioncontrol,we
modeledthe correlation. We found that the correlation
decreasesat mostinverselyproportionalto an increasein
pricing interval. We alsofound that the correlationis in-
verselyeffectedby the meanandvarianceof the incom-
ing traffic. This implies that congestion-sensitive pricing
schemesneedto employ very small pricing intervals to
maintainhigh level of congestioncontrol for currentIn-
ternettraffic with highvariance[23].

Fig. 11. Effect of changein the varianceof the incomingand
outgoingtraffic to the correlationfor a pricing interval of¶L·�·�¸¿¹ , i.e. º"»À¼P· .

From the model and also from the simulationexperi-
mentsweobservedthatthecorrelationbetweenpricesand
congestionmeasuresdropsto verysmallvalueswhenpric-
ing interval reachesto 40 RTTs even for a low variance
incoming traffic. Currently, we usually have very small
RTTs (measuredby milliseconds)in the Internet. This
showsthatpricingintervalsshouldbe2-3secondsfor most
casesin theInternet,which is not possibleto deploy over
low speedmodems.This result itself meansthat deploy-
ment of congestion-sensitive pricing over the Internet is
highly challenging.As the link speedsaregettinghigher
andRTTsaregettingsmaller, it becomesharderto deploy
congestion-sensitive prices. The resultsobviously show
thattherewill beneedfor intermediatemiddle-warecom-
ponents(i.e. intermediaries)betweenindividual usersand
ISPs,when ISPsdeploy congestion-sensitive pricing for
their service.Thesemiddle-warecomponentswill beex-
pectedto lower pricefluctuationssuchthatpricechanges
will bepossibleimplementover low speedmodems.This
scenariosuggeststhat congestion-sensitive pricescanbe
implementedamongISPsto controlcongestion,but there
hasto be middle-warecomponentswhich canhandlethe
transitionof thecongestion-sensitive pricesto theindivid-
ual customersin a smoothway. Alternatively, insteadof
usingcongestion-sensitive pricing directly for thepurpose
of congestioncontrol,it canbeusedto improve fairnessof
anunderlyingcongestioncontrolmechanism.We believe
that the secondapproachis morerealisticway of imple-
mentingcongestion-sensitive pricingover theInternet.

Futurework will includecomplex modelingof the dy-
namicsof congestion-sensitive pricingby relaxingsomeof
the assumptions.For example,a modelwithout fixed ar-
rival rateassumptionwould representthebehavior of the
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systemmoreappropriately. Also, betterbudgetmodelsare
neededin the model. Additionally, theassumptionof in-
dependencebetweenthe arrival and departureprocesses
mustberelaxedto makeexactmodelingof thesystem.

Another importantissueto explore is how much con-
gestioncontrolcanbeachievedwith exactly what level of
correlationbetweenpricesand congestionmeasures.In
thispaperweassumedthatthecorrelationvalueis adirect
representationof the level of congestioncontrol that was
achieved. Although we supportedthis ideaby providing
the matchbetweenthe correlationand the coefficient of
variationin SectionIV-B, this issueneedsmoreinvestiga-
tion.
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